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For amorphous multiphase systems, a model based on the division of space into cells, each of 
which is filled with one phase or another on a random basis, has been shown useful. We here 
propose an improvement, which allows for correlations between the contents of neighboring cells, 
and apply it to samples of Si02, Alz03, and catalysts using SiOz and AlzOl as supports. Compared to 
the uncorrelated-cell model, the predicted scattering intensities fit the measured intensities signifi- 
cantly better. The value determined for the additional correlation parameter indicates an enhanced 
tendency for neighboring cells to contain the same phase. Interphase surface areas are derived and 
compared with other measurements. The additional parameter does not suffice to define all the 
surfaces for a system of more than two phases; an additional assumption is required. ‘i‘ 19x6 
Academic Presr. Inc 

I. INTROUUCTION 

In principle, the small-angle X-ray scat- 
tering (SAXS) from amorphous systems 
such as supported-metal catalysts can give 
information about the interphase surface 
areas. If such a system is modeled as a dis- 
persion of internally homogeneous (uni- 
form electron density) phases with sharp in- 
terphase boundaries, the scattering inten- 
sity may be written (I) as the Fourier 
transform of the correlation function 

2 P;j(r)(tZi - tZj)l 

y(r) = 1 - ij 
2 (b;(n; - $2 

(1) 

Here P;j(r) is the probability (2) that a line 
segment of length r within the sample has 
one end in phase i and the other in phase j; 
P:j(O) may be shown (2, 3) to be equal to 
Sij/4V, where S;j is the surface area be- 
tween phases i and j. In Eq. (l), ni is the 
electron density of phase i, +i the volume 
fraction of phase i, and 

n = 2 +;n; 

is the average electron density. Measure- 

ments of SAXS intensity as a function of 
scattering angle give only y(r), whereas sur- 
face areas require knowledge of the Pij(r). 
Although some necessary properties of the 
Pij(r) are known, it is impossible to obtain 
individual Pii from -y(r) without invoking 
a model or additional assumptions (except 
for a two-phase system, for which there is 
only one independent Pj.i function). 

Recently, we have proposed (4) cell 
models for these systems, in which the sys- 
tem is modeled by dividing space into cells 
and filling each with one phase or another. 
In the simplest cell model, each cell is filled 
with one of the phases with probability 
equal to the (known) volume fraction. In 
this case, it can be shown (5) that 

P;,;(r) = $;hjPo(r) + ddj(l - p&9) (2) 

where pa(r) is the noncrossing function, the 
probability that a length r lies wholly within 
one cell. Then y(r) becomes just p”(r). Im- 
proved cell models, in which the metal and 
support occupy cells of different average 
size, have also been developed. 

The random filling of the cells in these 
models makes the joint probability, that one 
of two neighbor cells be filled with phase i 
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and the other with phasej, just the product 
of volume fractions 4i+j. Considerations 
such as surface tension suggest that the 
probability that neighboring cells contain 
the same phase should be enhanced relative 
to random distributions. The model pro- 
posed below allows the joint probability to 
differ from +;+j. Applying the model to sev- 
eral amorphous two-phase and three-phase 
systems, we consider the effect of the addi- 
tional parameter on the fit obtained, and on 
the derived interphase surface areas. 

The theory of this model is given in Sec- 
tion 11. In Section III we show results of 
its application to four systems, comparing 
with the uncorrelated-cell model of Eq. (2). 
Discussion and evaluation of the model fol- 
lows in Section IV. 

II. THEORY 

The theory of the correlated-cell model 
will now be presented. In can be anticipated 
that the probability that the neighbors of a 
cell containing phase j also contain this 
phase is different (probably higher) than the 
average probability (volume fraction $j). 
An additional parameter, representing this 
neighbor-cell correlation, should enter the 
correlation function. Let $ij be the condi- 
tional probability that, given a cell contain- 
ing phase j, a nearest-neighbor cell contains 
phase i. Two cells are said to be neighbors if 
they share a cell boundary (face). Because 
of their definition, the conditional probabil- 
ity $ij obey 

$ji$& = dJij4j (3) 

either expression simply representing the 
probability that, given two neighboring 
cells, one contains phase i and the other 
phase j. Correlations between the contents 
of cells which are not neighbors are not 
considered in this model. Since the overall 
volume fractions of the phases are given, 
the $ij must obey the normalization condi- 
tion 

where (3) has been used. Thus 

C+ji= 1. (4) 
.i 

Since for an N-phase system there are 
$N(N - 1) conditions (3) and N conditions 
(4), there are iN(N - 1) independent $ij, 
the same as the number of independent 
Pij(r)* 

The correlation function now involves 
p&Q, the nearest-neighbor crossing func- 
tion: pi(r) is the probability that a stick of 
length r, randomly thrown into the system, 
has its two ends in nearest-neighbor cells. 
According to the assumptions of this 
model, 

Pi,j(r) = PO(r)+iSij + Pl(r)$ji+i 

+ [I- p0W - ~df9Mi~; (3 
instead of (2). If we insert this into (I), we 
find for the correlation function, after some 
algebraic manipulation, 

Y(r) = p0W + pd4 1 - 2 $ji+itni 
L ri 

- 
ej)‘/z +i+j(ni - nj)‘]. (6) 

ii 

For a two-phase system, this reduces to 

744 = p0W + pdr)U - 1($21/+2) 

- 6(~12~~1)1 

where the two terms in parentheses are 
identical. If $ji = +j, y(r) reduces to the 
random-filling results, y(r) = PO(r). 

It is necessary now to consider the func- 
tion PI(r). Although an expression for p,(r) 
is not known to us, we can state several 
conditions which it must obey: (a) p](r) 
must always lie between 0 and 1, being a 
probability. (b) p,(O) = 0 since a stick of 
length 0 must lie wholly within one cell. (c) 
p,(w) + 0 since for large distance the proba- 
bility of crossing only one cell boundary ap- 
proaches zero. (d) (dp,ldr) = -(dpoldr) at r 
= 0 since a stick of length dr can cross no 
more than one cell boundary. (e) The inte- 
gral of p,(r) over all space must yield the 
average volume of all neighbor cells of an 
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which satisfies conditions (a), (b), and (c), 
and use the remaining conditions to fix the 
parameters K, p, and (Y. The initial slope 
condition (d) means that 

arbitrary cell, i.e., NV, where N is the 
number of nearest neighbors of a cell and V, 
the volume of a cell. The last condition fol- 
lows from the definition of p,(r) as the prob- 
ability that end B of a length r lies in a cell 
which is a neighbor to the cell in which end 
A is found. We expect p,(r) to be nonoscil- 
latory, passing through a single maximum. 
We use these conditions to construct a 
function p,(r). The actual p,(r), unless it has 
oscillations or other unexpected features, 
should look essentially like this function. 

The most successful of our cell models 
(6) have used the Voronoi tessellation (7) to 
construct these cells, and this is used in the 
correlated-cell model. The Voronoi con- 
struction starts from a random distribution 
of points of average density c’ (Poisson 
points). Bisecting the lines connecting each 
point to the others by planes, one assigns to 
each Poisson point the volume bounded by 
the planes closest to it. The properties of 
these volumes (Voronoi cells) have been 
studied (a), and the noncrossing function 
pa(r) calculated (6, 9). Our procedure is to 
calculate intensities for comparison with 
experiment, for which we require the slit- 
smeared Fourier transform: 

2 i) 5 
= 1.45522~“~ (10) 

where the small-r form of the Voronoi non- 
crossing function has been used. From con- 
dition (e) or Eq. (8): 

KC r3empr” dr = 9 = 15.54/(47rc). a 

(11) 

I;(h) = 2 .I,[ f,(W)ds (74 

It is not possible to determine all three pa- 
rameters; for simplicity in Fourier trans- 
forming we take (Y = I so K = 1.45522c.l” 
and, from (I I), p = 1.63008~“~. 

Now y(r) is constructed using (6) and (9). 
On Fourier transforming and slit smearing 
y(r), we find, for a two-phase system, 

i,(h) = 47rZ’F(hZ) + 47r’K(I - @,/&) 
(5.3144~“~ - ,$‘)(2.6572$‘” + h’) ii? 

where the first term is the intensity corre- 
sponding to p&) for a Voronoi cell density 
c and characteristic length 1 = (~c/4)-~‘~. 
This may be rewritten as 

i,(h) = /‘[47rF(hl) + 62.267(1 - +,/&) 
(6.2430 - h’1’)(3.1215 + h’1’)-5’2]. 

(12) 

f,(h) = 2~ 6: (hr) -‘(sin hr)y(r)r’dr. (7b) 

This procedure has been carried out for 
p,,(r) and the results tabulated; we write 
i,(h) as 4~Z~F(ZzZ), where I = (7~/4))“~. 

Referring to condition (e), we approxi- 
mate the average of NV, by the product of 
the average number of neighbor cells (15 54 
for the Voronoi construction) and the aver- 
age cell volume (l/c). 

For a multiphase system, the factor (I - 
$&2) is replaced by 

- Hj)‘. (13) 

J 
7. 

0 47Tr$,(v)du = 15.541.-’ = 15.54(41/7#. 
The scattering intensity is CZ,(h), where 

We now assume the algebraic form 

c = ~Vl,(h) 

(8) with q the mean-square electron-density 
fluctuation, V the illuminated volume, and 
Z,(h) the Thomson cross section, which 

, .j r I may be taken as a constant for our range of 
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h. If absolute intensities are not measured, 
as in our experiments, C becomes a fitting 
parameter. We vary three parameters (C, 1, 
and D) to minimize the quantity 

where ii is the intensity measured for h = h; 
and Ni is the number of values of h for 
which intensity is measured. 

According to Eq. (6), the interphase sur- 
face areas are given by 

since p;(O) = -pb(O) (condition (d), above). 
It has been shown that ~$0) = - 1.577240, 
and 

Sij/V = B($ji+i + $ij$j)6.3090/1. (16) 

By fitting intensities, we can derive a value 
for D (Eq. (12)), but not for the individual 
$ij, except for a two-phase system. This 
means that the individual interphase sur- 
faces cannot be obtained for multiphase 
systems without additional assumptions, as 
discussed in Section IV. For a two-phase 
system, y is simply 1 - P12/$1$2, so that the 
surface area is given by 

sgw = -4&&y’(O). (17) 

Furthermore, the value of y’(O) is given, in 
general, by (2) 

y’(O) = -Ui+li h3ich)l/j; hf(h)dh (18) 

so that Su for a two-phase system is avail- 
able with no need for a model beyond the 
assumption of uniform phases with discon- 
tinuous changes in electron density at 
boundaries. 

III. EXPERIMENTAL 

The correlated-cell theory was applied to 
SAXS measurements on four samples: 
SiOz, Pt/SiO,, A1203, Pt/A1203.1 The volume 
fractions are given, with other properties of 
the system, in Table 1. Surface areas for 
these samples, obtained by subtraction of 
support scattering, have been reported 
(10). Our measurements were made with a 
position-sensitive detector in the infinite- 
slit geometry. For experimental details, see 
Ref. (If). 

For the Si02, fitting intensities by mini- 
mizing q with respect to the three parame- 
ters D, 1, and C, we find 1 = 89.06 and 1 - 
$21/+2 = 0.0549. The value of q is 55, to be 
compared with a value of 112 obtained with 
no intercell correlation. The additional pa- 
rameter thus significantly improves the fit. 
The initial slope of the correlation function 

’ The samples were kindly supplied and character- 
ized by Dr. J. Cohen and co-workers. The volume 
fractions were obtained from density measurements. 

TABLE I 

Characterization of Catalyst Samples 

Sample 

Si02 
Si02 + Pt 
A&O, 
A1203 + Pt 

Mass density Volume fractions” Electron 
densitiesO,b 

91 $9 $3 
n1 n2 n3 

0.3843 0.1755 0.8245 0.0 1.093 0.0 - 
0.3882 0.17544 0.8242 0.00036 1.093 0.0 8.576 
0.6486 0.1753 0.8247 0.0 1.814 0.0 - 
0.6638 0.17509 0.82372 0.00118 1.814 0.0 8.576 

u Phase 1 = support, phase 2 = void, phase 3 = metal. 
b In moles of electrons per cubic centimeter. 



is related Voronoi result, -0.01724. As re- 

y’(O) = (-157724/i) + (1 - $J&) 
flected in the decreased q, the correlation 

(1.5772411) = -0.01674 (19) 
factor is a significant improvement in the 
model. 

which is essentially the value determined Fitting the Pt/Al,O, catalyst scattering to 

directly from the experimental data accord- a Voronoi function gives 1 = 81.3, q = 235, 

ing to (18), -0.0166 t 0.0008. The uncorre- y’(0) = -0.01940. Introduction of a correla- 

lated-cell mode1 gives r’(0) = -0.01662. tion factor reduces q to 170 with 1 = 72.7 A 

The value of $2, implies a small tendency and the correlation coefficient D equal to 

for cells filled with SiOZ to have neighbors 
0.2033. Again there is a positive correlation 

also containing SiOZ, which is physically between contents of neighboring cells. The 

reasonable. The length 1 is about 6% smaller 
correlated Voronoi gives y’(O) = -0.01731, 

than for the uncorrelated-cell model, which while the catalyst scattering gives -y’(O) = 

gave I = 94.89: smaller cells plus positive 
0.02043 2 0.0011 according to (18). The dis- 

intracell correlations tend to keep the aver- crepancy between r’(O) values comes about 

age size of the pieces of silica the same in because minimization of y in this case pro- 

both models. 
duces a curve which is close to i for the 

For the three-phase system PtfSiO,, Eq. smallest h values, but lies below it for the 

(6) becomes second half of the h range. This sample thus 
differs from the others with respect to our 

y(r) = PO(r) + m(r)(l - 1.058W21 model. 

- 49.590+3, - 306.00$~;?). (20) 
IV. DISCUSSION 

Three parameters are to be varied in mini- The correlated Voronoi cell mode1 seems 
mizing the deviation between experimental to be an improvement over uncorrelated 
and theoretical scattering intensities, just as cells: q decreases significantly in every case 
for the two-phase system. The best value of when the correlation factor is introduced, 
4, 63, is obtained with a characteristic cell 
length of 86.73 A and a value of 0.0952 for 

and y’(O) is improved or essentially the 
same, except for Pt/Al,O,. This suggests 

the quantity in parenthesis in (20). (The un- 
correlated-cell model with I = 95.21 A gives 

that it represents a better description of the 
way in which the phases are distributed. In 

q = 173.) There is thus again a slight posi- physical terms, there seems to be a ten- 
tive correlation between cells (enhanced dency for adjacent cells to be filled with the 
probability for neighbor cells to have the same material. 
same contents). The slope y’(O) is -0.01738 Of course, q will decrease whenever ad- 
? 0.00055 from the data via (18), -0.01645 ditional parameters become available for 
from (19), and -0.01657 from the uncorre- fitting the intensities. To judge whether the 
lated-cell model. decrease is significant, and to compare 

For A1203, the correlated-cell model, models with different numbers of parame- 
with a three-parameter fitting function, ters, we consider a figure of merit F which 
gives q = 42. The characteristic length is is a generalization of that used for linear 
found to be 83.54 and the correlation pa- least-squares analyses (13). We first define 
rameter I - I&,/& is 0.1695, representing the dimensionless quantity 
somewhat more correlation between cells 
than for SiOz. The uncorrelated Voronoi, 
with two parameters, gave y = 84 with 1 = 
91.48. The correlated Voronoi gives y’(O) = 
-0.01568, which is considerably closer to 
-v’(O) from (18). -0.01596. than is the uncor- , ,_ where Ni = number of evaluation points 
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TABLE 2 

Comparisonf’ of Models 

System i Uncorrelated cells Correlated cells 

4 RI F/l000 y R? F/l000 

SiO, 24669 
Pt/SiO~ 

II2 0.99678 6.64 55 0.99842 8.82 
27040 173 0.99532 4.47 63 0.99830 8.01 

Al>03 31144 84 0.99808 II.19 42 0.99904 14.58 
Pt/A1203 49798 235 0.99655 6.20 I70 0.99750 5.59 

[’ R2 = I - Nq/Xlik - II, where 7 is average intensity, N = number of 
measurements. Figure of merit F = [R’/(l - R’)](N - K ~ 1)/K, where 
K = number of parameters (2 for uncorrelated cells, 3 for correlated cells). 

(intensities) and T = mean intensity, i.e., 
NIf = C&. Then we write 

R2 N-K+1 
F=,-R2 K (21) 

where K is the number of parameters (K = 
2 for uncorrelated cells, K = 3 for corre- 
lated cells). For fixed K, F becomes larger 
the better the fit, but for fixed R2, F de- 
creases as K increases, becoming zero if K 
= N - 1. Calculations of R* and K for the 
two models applied to the four samples give 
the results of Table 2. For SiO2, Pt/SiO,, 
and A1203, F increases significantly when 
the cell correlation parameter is put in, by 
factors of 1.3, 1.8, and 1.3. However, F de- 
creases slightly for Pt/A1203, confirming our 
suspicion that the correlated-cell mode1 is 
not a particularly good one in this case. 

For a two-phase system (SiO2 or A1203) 

the interphase surface area is given by 

s/v = -4$,#2y’(o) (22) 

independently of any model. Thus, the cor- 
related-cell model’s utility here is for its 
physical picture, since it is not needed for 
the determination of surface area. We find 
S/V = 0.00967 A-' = 96.7 m2/cm3 for Si02 
and S/V = 0.00923 A-’ for Al2O3, using 
y’(O) obtained from the data via (18). Divid- 
ing by the mass densities, we obtain specific 
surfaces of 252 and 142 m*/g, respectively. 
Table 3 gives specific surfaces calculated 
using the cell models. Nandi et al. (10) have 
reported surface areas of 327 and 222 m*/g 
from their SAXS measurements on these 
systems. Their BET measurements yielded 
285 and 160 m2/g, significantly closer to 
our SAXS results. 

To obtain surfaces for a multiphase sys- 

TABLE 3 

Surface Areas in w-l (Above) and in mZ/g (Below) 

SIZ 

Pt/SiOz 

SI3 sz3 St2 

Pt/Al,O, 

SI3 s23 

Uncorrelated cells 0.00958 4.2 x lO-6 19.7 x IO-6 0.01 I I9 16.0 x lO-6 75 x IO-6 
247. 0.108 0.51 169. 0.241 I.13 

Correlated cells” 0.00952 4.2 x lO-6 19.5 x IO” 0.00997 14.2 x 10m6 67 x lO-6 
245. 0.108 0.50 150. 0.214 1.01 

a Using Eq. (24). 
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tern, knowledge of the correlation function 
does not suffice; a model is required to ex- 
tract the Pij(r) from y(r). One can also de- 
rive S12 by subtraction of the scattering of 
the unmetallized support from that of the 
catalyst, making several assumptions (12), 
which may not be justified (1 I ). Nandi et al. 

(10) report 324 and 217 m2/g for SiO2 and 
A1203 from such a calculation. According to 
our results (see below) for both SiO2 and 
A1203, the surface S12 differs significantly 
between the two-phase and three-phase 
systems, perhaps due to the effect of treat- 
ment of the support during catalyst prepa- 
ration. 

The uncorrelated Voronoi cell model, as 
seen in Eq. (2), expresses all the P;j in terms 
of volume fractions and p@(r), which is y(r). 
Thus, the surfaces are given by 

S;j/V = 4P:,i(O) = -~c#J;$;P~(O) (23) 

and p;(O) = y’(O) = - 1.57724/l. The results 
for the surfaces of Pt/SiO, and Pt/Al,O, are 
given in Table 3, using r’(O) calculated from 
the Voronoi fits. The correlated-cell model 
gives Sij/V in terms of the +jiji, as given in 
Eq. (16). However, only the weighted sum, 
Eq. (13), is available from experiment, not 
the individual $ij. An additional assumption 
is necessary. 

Suppose we assume the same intercell 
correlation for all phases, i.e., that $ijl+; is 
the same for all i and j. Note that this as- 
sumption is consistent with (3). Denoting 
the ratio $ijl+; by X, we find from (13) 

D= 1 -x 

(X = I corresponds to no correlation). The 
surface areas are then given by 

Sij/4V = X$Jj$ip;(O) 

= (I - D)c#++;( I .57724/l). (24) 

Results are in Table 3, using the 1 values 
obtained by fitting to the correlated-cell 
model. 

The parameter D may be expressed in 
terms of the surface areas. Using (16) and 
(13), we write 

D = I - 0.1585/V-’ c S;,(n; 
il 

Setting this equal to 0.0952 in the case of Pt/ 
Si02, with 1 = 86.73, we have 

0.0658 k’ = (6.03OS,2 + 282.66S13 
+ 371 .26Sz3)/V. (25) 

We may expect S r3 and S23 to be several 
orders of magnitude smaller than 511 but the 
larger weights on S r3 and S23 mean their 
complete neglect is unjustified. However, it 
is reasonable to approximate their values 
by what we obtain from uncorrelated cells, 
i.e., 4.2 x IOmh and 19.7 x 10mh. Then we 
obtain S12/V = 0.00950 A-‘, identical to the 
results from uncorrelated cells or from Eq. 
(24). The surface of unmetallized SiO! was 
0.01006 Am1 from (17) and (18). For Pti 
AlT03. we have instead of (25) 

0.0691 A-’ = (5.923S,? + 82.31S,3 
+ 132.39&3)/V. 

Approximating Sr3 and S23 by the values 
from the uncorrelated-cell model, we find 
S&f = 0.00977 A-‘, which is close to the 
value found from Eq. (24). The surface for 
Al203 was 0.00923 A-‘, from (17) and (18). 

Thus, the correlated-cell model, applied 
to these systems, can yield the support- 
void surface SIZ to a few percent, since it is 
insensitive to the assumptions made for the 
metal surfaces. The values for the metal 
surface should be correct to l-2 significant 
figures, judging by the agreement between 
the results of Table 2. 
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